Abstract. Oscillations between photons and axion-like particles (ALP) travelling in intergalactic magnetic fields have been invoked to explain a number of astrophysical phenomena, or used to constrain ALP properties using observations. One example is the anomalous transparency of the universe to TeV gamma rays. The intergalactic magnetic field is usually modeled as patches of coherent domains, each with a uniform magnetic field, but the field orientation changes randomly from one domain to the next ("discrete-ϕ model"). We show in this paper that in more realistic situations, when the magnetic field direction varies continuously along the propagation path, the photon-to-ALP conversion probability P can be significantly different from the discrete-ϕ model. In particular, P has a distinct dependence on the photon energy and ALP mass, and can be as large as 100%. This result can affect previous constraints on ALP properties based on ALP-photon propagation in intergalactic magnetic fields, such as TeV photons from distant Active Galactic Nucleus.
1 Introduction.
Axion is particle first introduced to solve the strong CP problem [1] . Axion-like particles (ALPs) also appear in many theoretically well-motivated extensions of the standard model of particle physics [2] . A general property of ALPs (represented by the field a) is that they can couple to photons (represented by E) in the presence of an external magnetic field B through the interaction Lagrangian L = g a E · B. While for axions there exists a relation between the coupling constant g and the axion mass m a , in general g and m a are unrelated for ALPs.
As a result of the photon-ALP coupling, a photon can oscillate into an ALP and vise versa in an external magnetic field. Such ALP-photon oscillations have been invoked to explain a variety of astrophysical phenomena, or conversely used to constrain the properties of ALPs using observations [3] . Examples include the apparent dimming of distant supernovae [4] [5] [6] , spectral distortions of the cosmic microwave background [7, 8] , and the dispersion of QSO spectra [6] , et al. Recently, ALP-photon oscillation has been used to explain anomalous lack of opacity of the Universe to gamma rays: high energy gamma ray photons from Active Galactic Nuclei (AGNs) at cosmological distances have been detected by HESS, MAGIC and Fermi [9] [10] [11] [12] [13] . These photons can suffer significant attenuation before reaching Earth due to electron-positron pair production on the extragalactic background infrared radiation. Several analysis suggest that the Universe appears more transparent than expected based on recent extra-galactic background light models( [14] [15] [16] ; however see [13, 17] ). A possible explanation to the transparency problem is that because of the ALP-photon mixing, radiation from AGNs travels in the form of ALPs on a significant fraction of distance (without producing pairs) and converts back to photons before their detections [16, [18] [19] [20] [21] [22] [23] [24] [25] [26] . Another example concerns the possibilities that the recent observed 3.55keV photon line [27, 28] may arise from dark matter decay to ALPs and then convert to photons due to oscillations in the magnetic field of M31 and the Milky Way [29] [30] [31] [32] [33] .
ALP-photon propagation over cosmological distance is strongly affected by the magnetic field structure. The primordial extragalactic magnetic field is most likely random and could described as patches of coherent domains with a typical magnitude upper limit of a few nG [34] and scale length of order a few Mpc [35] . Previous studies have adopted a simple model, in which the magnetic field is uniform in each domain, but the field orientation (characterized by the angle ϕ) changes in a random fashion from one domain to the next. Note that in this "discrete-ϕ" model, the photon-to-ALP conversion probability in each domain P ad can be easily derived [see Eq. (3.4)] (since ϕ is constant in each domain). Assuming that ϕ's for different domains are random, Grossman et al. [36] then derived an expression for the photon-to-ALP conversion probability through a large number of domains [see Eq. (4.1)], and this expression has been widely used in many previous studies.
In realistic situations, the magnetic field and its orientation angle ϕ should vary continuously across neighboring domains. In fact, for a wide range of interesting ALP/magnetic field parameter space, the variation of ϕ with distance is sufficiently rapid that it cannot be neglected in almost all regions along the path of propagation. We show in this paper that a proper treatment of the random variation of the intergalactic magnetic field gives a qualitatively different result for the photon-to-ALP conversion probability compared to that obtained in the "discrete-ϕ" model.
For concreteness, we will focus on TeV photon-ALP propagating through intergalactic medium over cosmological distances, but our analysis and method can be easily re-scaled to other situations such as the Milky way or galaxy clusters, as well as for different photon energies.
Equations
The evolution equation of the photon electric field E and ALP field a of a given angular frequency ω or energy E (so that E, a ∝ e iωt ), expressed in a fixed Cartesian coordinates xyz (with the z-axis along the direction of propagation), takes the form
Here the superscript ′ stands for d/dz, and ϕ is the azimuthal angle of the magnetic field B (more precisely, ϕ is the angle between B tr , the projection of B in the xy-plane, and the x-axis). The ALP-mass-related parameter ∆ a and the ALP-photon coupling parameter ∆ M are given by
2)
where m a is the ALP mass, E is the photon energy, g is the axion-photon interaction parameter. We adopt units such that c = = 1, and define dimensionless quantities
The plasma parameter ∆ pl = −ω 2 pl /(2ω) = −1.11 × 10 −11 E −1 1 (n e /10 −7 cm −3 ) Mpc −1 (where ω pl is the electron plasma frequency and n e is the electron density) is unimportant for the parameter regime considered in this paper and will be neglected. Also, Eq. (2.1) does not include the QED effect, which is negligible for typical nG intergalactic magnetic fields [37] . All the numerical results presented in this paper are based on Eq. (2.1).
Analytical Results
For a given magnetic field structure, the ALP-photon evolution can be obtained by integrating Eq. (2.1) along the ray. Before studying complex random fields, we first consider two simple "single-domain" cases: (i) ϕ = 0 independent of z; (ii) ϕ increases linearly with z, with ϕ ′ = l −1 . Typical intergalactic magnetic fields have a coherence length of order l ∼ 1 Mpc, we define
Note that, as a function of z/l, the photon-to-ALP conversion probability P depends only on the dimensionless quantities ∆ a l and ∆ M l, and thus on
1 and g 11 B 1 l 1 . Some numerical results are plotted in Fig. 1 , showing that the photon-to-ALP conversion probabilities are quite different in the two cases.
To understand the difference analytically, we consider the evolution of E and E ⊥ , the components of E parallel and perpendicular to B tr , respectively. Since E = E x cos ϕ + E y sin ϕ, E ⊥ = −E x sin ϕ + E y cos ϕ, Eq. (2.1) can be rewritten as
where we have dropped the non-essential term ω in the diagonal elements.
2) can be simplified to the evolution equation of a and E :
This equation has been widely discussed in previous works. If the magnetic field strength varies slowly (we assume B tr is constant along the ray for simplicity), the mode evolution is said to be "adiabatic", and the photon-to-ALP conversion probability is given by the well-known formula [38] :
with ∆k = ∆ 2 a + 4∆ 2 M . In the limit of ∆kz/2 ≪ 1, Eq. (3.4) simplifies to P ad ≃ ∆ 2 M z 2 . Intergalactic magnetic fields can often have |ϕ ′ | ∼ 1 Mpc −1 , much larger than |∆ a | and ∆ M (see Eqs. 2-3). If |a| ≪ |E|, the electric field can be solved as E ≃ cos ϕ, E ⊥ ≃ sin ϕ assuming E x = 1, E y = 0 at z = 0, i.e., E(z) ≃ E(z = 0). Substitute this electric field into Eq. (3.2), we find the evolution equation for the ALP field, ia ′ ≃ ∆ a a + ∆ M cos ϕ, with the solution
For ϕ(z) = ϕ ′ z with constant ϕ ′ , we obtain the photon-to-ALP conversion probability
This equation accurately describes the numerical result of Fig. 1 for various values of Em −2 a . For example, in the limit of |ϕ ′ | ≫ |∆ a |, Eq. (3.6) simplifies to P ≃ (∆ M /ϕ ′ ) 2 sin 2 ϕ, which has an oscillation length π/ϕ ′ and is independent of the ALP mass and energy. 
Results for Random Magnetic Fields
The magnetic field in the intergalactic medium is randomly distributed, with the expected coherent length of order 0.1-1 Mpc (about the size of galaxy clusters). In general, numerical integrations are necessary to obtain the photon-to-axion conversion probability for a given realization of the random magnetic field distributions in addition to the relevant ALP parameters. A "discrete-ϕ" model has been widely used in previous studies: The path of propagation is divided into many domains, each has the same size l and a uniform magnetic field, with the magnetic orientation angle ϕ changing randomly but discretely from one domain to the next. Based on this model, Ref. [36] derived an analytic expression for the mean value of the photo-to-ALP conversion probability after propagating through N domains (over distance z = N l):
where on the right-hand side, P ad is given by Eq. (3.4) evaluated at z = l. Note that for N P ad ≫ 1, we have P ad,N = 1/3, an upper limit for the conversion probability. In Fig. 2 we depict an example of the discrete-ϕ model and the numerical results for the conversion probabilities at different values of Em −2 a (black lines). These numerical results are in agreement with Eq. (4.1) in the statistical sense.
As discussed above, we expect that the discrete-ϕ model may be problematic since in most regions of the intergalactic medium |ϕ ′ | can be much larger than ∆ M . In Fig. 2 (see the red lines) we consider a "linearly-continuous-ϕ" model: The path of propagation is again divided into many equal-sized domains; in each domain, ϕ varies linearly from one random value to another (thus, ϕ is always continuous, ϕ ′ is constant inside each domain but changes across the domain boundary). Our numerical results show that this continuous-ϕ model can yield completely different conversion probabilities compared to the discrete-ϕ model. In particular, P (z/l) exhibits quasi-periodicity along the ray (with the period dependent on Em −2 a l −1 ) and can be close to unity for large values of
1 . To understand these numerical results, we apply Eq. (3.5) to the linearly-continuous-ϕ model. The ALP amplitude after traversing N domains is given by
In the j-th domain, ϕ(z)
and |∆ a |l ≪ 1 (these two conditions are similar since |ϕ ′ | ∼ l −1 ), Eq. (4.2) can be simplified, giving
where
with ∆ϕ = ϕ ′ l = ϕ j − ϕ j−1 . For random ϕ j (varying between −π and π), A j can be characterized by the mean A and variance σ 2 A = |A j − A | 2 . The mean photo-to-ALP conversion probability P N = |a N | 2 is then 
Distribution of Conversion Probability
Because the intergalactic magnetic field has random orientations along the propagation path, the conversion probability P N has a distribution with finite spread. To obtain the P N distribution, we carry out Monte-Carlo calculations of the photon-ALP propagations for 10 5 times, each time with the same set of ALP and magnetic field parameters, but for different random values of ϕ in each domain. We consider both the discrete ϕ model and the linearly-continuous ϕ model as discussed above. The results are shown in Fig. 3 .
For the discrete-ϕ model, the P N -distribution function, F dϕ (log P N ), is a skewed Gaussian (see the upper panel of Fig. 3 ). The peak of the distribution is accurately predicted by Eq. (4.1). We find that F dϕ (log P N ) is almost the same for different values of Em −2 a l −1 , except that for E 1 m increases, the peak of the distribution shifts to larger values and the width becomes narrower -these features are in marked contrast to the discrete-ϕ model.
To characterize how the P N -distribution function varies for different parameters, we show in Fig. 4 P peak and σ P , the peak and half-peak width of the distribution for two different values of g 11 B 1 l 1 , as a function of
1 (the other parameters are the same as in Fig. 3 ). For the discrete-ϕ model (blue lines in Fig. 4) , P peak is almost independent of E 1 m > ∼ 40. Note that for g 11 B 1 l 1 10, the conversion probability is close to the upper limit 1/3, and the P N distribution is not a Gaussian. a) random B tr with discrete-ϕ model b) random B tr with linearly-continuous-ϕ model 1 ≫ 78N/10 3 ], the conversion probability reaches its maximum
In the case of g 11 B 1 l 1 = 1, the peak conversion probability P peak approaches unity for
> ∼ 40, implying a nearly 100% photon-to-ALP conversion [Of course, the analytical expression (4.5) is less accurate when P peak ∼ 1 since |a| ≪ |E| is invalid].
In the above, we have focused on the linearly-continuous-ϕ model, since in this case we can derive analytical equations [see Eqs. (3.6) and (4.5)] to help understand our numerical results. We have performed calculations for other continuous-ϕ models, e.g., using the spline function or sine function to link the random ϕ values in multiple domains (see Fig. 4 ). We find that the results for the P N distribution are similar to the linearly-continuous-ϕ model, although the conversion probabilities are slightly lower because in the spline and sine ϕ models there always exist some regions with ϕ ′ ∼ 0.
So far in this paper we have assumed that the magnetic field has the same strength B tr in different domains but with varying orientations. What happens when B tr also varies? For concreteness, we consider a simple model where the values of B tr in different domains are randomly distributed in the range between B reg and B reg + B ran . Our numerical results for the final P N distributions (for both discrete-ϕ and continuous-ϕ models) for various values of g, B reg and B ran are shown in Figure 5 . The results are very similar to the constant B tr case shown in Fig. 4 . For the discrete-ϕ model (Fig. 5a) , we can derive an analytical expression of the final conversion probability using Eq. (4.2) (with ϕ(z) =constant in each domain, but ∆ M and ϕ have different values in different domains). For |∆ a |l ≪ 1, we find Fig. 5a . The same applies for the linearly-continuous-ϕ model: the P peak curves shown in Fig. 5b are almost the same as the constant B tr case if we replace B tr by B 2 tr .
Discussion
We have shown that a proper treatment of the inhomogeneity of intergalactic magnetic fields can lead to very different photon-to-ALP conversion probabilities compared to the "discrete-ϕ" model widely used in previous studies. The difference is particularly striking when
[the first term of Eq. (4.5) larger than the second term; here l is the coherence length of the magnetic field domain and N = z/l the domain numbers across distance z]. In the discrete-ϕ model, the conversion probability is determined by ∆ M l ∝ gBl and almost does not depend on ∆ a l or Em −2 a l −1 (assuming |∆ a |l ≪ 1 and ∆ M l ≪ 1), and never exceeds 1/3 [see Eq. (4.1)]. By contrast, in the continuous-ϕ model, the photon-toaxion conversion probability has a distinct dependence on E 1 m Note that although we have considered TeV photon-ALP propagation in intergalactic magnetic fields (with B tr ∼ 1 nG, l ∼ 1 Mpc), our results can be easily re-scaled to different situations. For example, Ref. [22] explored the hardening of the TeV photon spectrum of Blazars due to the γ → a → γ conversions in the magnetic fields of galaxy clusters and Milky Way. In galaxy clusters, B tr ∼ 1 µG, l ∼ 10 kpc, we have Thus with m a ∼ 10 −8 eV, g ∼ 10 −12 GeV (see [22] ), the conversion of TeV photon-to-ALP in the galaxy clusters can be significantly affected by our results. ALPs can convert back to be TeV photons in the magnetic field of the Milky Way. Similar ALP-to-photon conversion in M31 and the Milky Way are used to explain the recent observations of the 3.55 keV photon line [29] [30] [31] [32] [33] . Our results can be easily adapted to the typical galactic magnetic field (B tr ∼ 10 µG, l ∼ 100 pc-1 kpc) with different E, g and m a . In summary, many previous works use the discrete-ϕ model and Eq. (4.1) to estimate the photon-to-ALP conversion probabilities. In light of the significant difference between the discrete and continuous-ϕ models of magnetic fields, a re-evaluation of the previous results is warranted.
